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Abstract
James and Mathas conjecture a criterion for the Specht module Sλ for the symmetric group to be
irreducible over a field of prime characteristic. We extend a result of Lyle to prove this conjecture in
one direction; our techniques are elementary.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
In the representation theory of finite groups, it is useful to know which ordinary irre-
ducible representations remain irreducible modulo a prime p. For the symmetric groupSn,
this amounts to determining which Specht modules are irreducible over a field of character-
istic p. James and Mathas have solved this problem in the case p = 2 [4] and put forward
a conjecture for the case where p is odd, as follows.
Conjecture 1.1 [6, Conjecture 5.47]. If p is an odd prime, then the Specht module Sλ
Fp
is reducible if and only if the Young diagram [λ] contains nodes (a, b), (a, y), and (x, b)
such that
νp
(
h(a, b)
)
> 0
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νp
(
h(x, b)
) = νp(h(a, b)) = νp(h(a, y)).
Carter’s Criterion [6, Proposition 5.40] says that Conjecture 1.1 holds in the case where
λ is p-regular; combining this with [3, Theorem 8.15], we find that the conjecture also
holds when λ is p-restricted. In [5], Lyle proves a major part of the ‘if’ half of Conjec-
ture 1.1.
Theorem 1.2 [5, Theorem 2.16]. Suppose that p is an odd prime, and that the Young
diagram [λ] contains nodes (a, b), (x, b), and (a, y) such that
p | h(a, b), p  h(x, b), p  h(a, y).
Then the Specht module Sλ
Fp
is reducible.
The purpose of this paper is to use Theorem 1.2 to complete the proof of the ‘if’ part of
Conjecture 1.1. We begin by summarizing the notation and results which we shall use.
The essential reference for the representation theory of the symmetric groups remains
James’s book [3]. Let n be a non-negative integer. For any partition λ of n, one defines a
Specht module SλF for any field F . If F has infinite characteristic, then S
λ
F is irreducible,
and the modules SλF afford a complete set of irreducible representations of FSn as λ ranges
over the set of partitions of n. If F has prime characteristic p, then the SλF are not generally
irreducible; however, if λ is p-regular (that is, if it does not have p equal parts), then SλF
has an irreducible cosocle DλF , and the modules D
λ
F afford a complete set of irreducible
modules for FSn as λ ranges over the set of p-regular partitions of n. Moreover, for any
partition µ, the composition factors of SµF are all of the form D
λ
F with λ µ, where  is
the usual dominance order on partitions.
From now on, we fix an odd prime p and a field F of characteristic p, and write Sλ and
Dλ for SλF and D
λ
F . As usual, we let λ
′ denote the partition conjugate to λ, so that
λ′i =
∣∣{j | λj  i}∣∣,
and we define the Young diagram of λ (whose elements we call nodes) to be
[λ] = {(i, j) ∈ N × N | j  λi}.
For any node (i, j) of [λ], we define h(i, j) to be the (i, j) hook length, i.e., the number
λi − j + λ′j − i + 1
of nodes directly to the right of or directly below (i, j). For r  1, define the rth ladder to
be the set
{
(i, j) | i + (p − 1)j = p − 1 + r} ⊂ N × N,
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tained by moving all the nodes of [λ] as far as possible up their ladders, i.e., so that if (i, j)
is a node of [λR] with i  p, then (i − p + 1, j + 1) is also a node. Then we have the
following theorem.
Theorem 1.3 [2, Theorem A]. Let λ be a partition of n. Then
(1) λR is a p-regular partition of n;
(2) DλR occurs as a composition factor of Sλ with multiplicity 1;
(3) any other composition factor of Sλ is of the form Dµ with µ λR.
Finally, we shall use the following theorem concerning homomorphisms between
Specht modules, due to the author and Lyle.
Theorem 1.4 [1, Theorem 2.3]. Suppose that λ and µ are partitions of n, and that λ′1 = µ′1.
Define λˆ and µˆ by
λˆi = max(λi − 1,0), µˆi = max(µi − 1,0).
Then
dimF HomFSn
(
Sλ,Sµ
) = dimF HomFSn(Sλˆ, Sµˆ).
2. A proof of the ‘if’ part of Conjecture 1.1
We begin by examining the connection between ladders and dominance. Given a par-
tition λ, define lr (λ) to be the number of nodes of [λ] in the rth ladder. If λ and µ are
partitions of the same integer, write µ λ if the largest r for which lr (µ) = lr (λ) satisfies
lr (µ) > lr (λ). [2, 1.2] shows that  is a total order on the p-regular partitions of n.
Lemma 2.1. Suppose λ and µ are p-regular partitions. If µ  λ, then λµ.
Proof. Let r be maximal such that lr (µ) = lr (λ), and suppose that the first node of the
rth ladder (that is, the one with smallest first coordinate) which appears in [µ] but not in
[λ] is (a, b). Since µ is p-regular, the nodes (a − p + 1, b + 1), (a − 2p + 2, b + 2), . . .
are in [µ], and hence any node (c, d) lying in ladder s with c  a and s  r must lie
in [µ] (since it lies above and to the left of one of these nodes). Since [λ] and [µ] have
identical intersections with ladders r + 1, r + 2, . . ., we must therefore have µi  λi for
i = 1, . . . , a − 1, and since [µ]  (a, b) /∈ [λ], we have µa > λa . Thus
µ1 + · · · + µa > λ1 + · · · + λa
and so λ µ. 
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orem 1.2.
Lemma 2.2. Suppose that λ does not satisfy the criteria of Theorem 1.2, i.e., whenever
there is a node (a, b) in [λ] such that p | h(a, b), then either
p | h(a, y) for all nodes (a, y) of [λ] or
p | h(x, b) for all nodes (x, b) of [λ].
Then there exist k, l  0 such that
• (k + 1, l + 1) is not a node of [λ];
• if (a, b) is a node of [λ] with a  k and b  l, then p  h(a, b);
• if (a, b) and (c, b) are nodes of [λ] with b > l, then p | h(a, b) if and only if p | h(c, b);
• if (a, b) and (a, d) are nodes of [λ] with a > k, then p | h(a, b) if and only if p |
h(a, d).
Proof. Suppose (a, b) is a node with p | h(a, b); we claim it cannot be the case that both
p | h(a, y) for all nodes (a, y) of [λ] and
p | h(x, b) for all nodes (x, b) of [λ];
if this is the case, then p | h(a,λa), which means that λa = λa+1 = · · · = λa+p−1; in par-
ticular, (a + 1, b) is a node of [λ] and we have h(a + 1, b) = h(a, b) − 1, and so h(a, b)
and h(a + 1, b) cannot both be divisible by p.
Now let
A= {a | λa > 0 and p | h(a, b) ∀(a, b) ∈ [λ]} and
B = {b | λ′b > 0 and p | h(a, b) ∀(a, b) ∈ [λ]}.
If A is empty, then we may take (k, l) = (λ′1,0), while if B is empty, then we take (k, l) =
(0, λ1). If both are non-empty, then let α and β be their respective least elements. Then by
the last paragraph (α,β) is not a node of [λ], and we may take (k, l) = (α − 1, β − 1). 
Proof of Conjecture 1.1 (‘if’ part). Suppose λ satisfies the criteria of Lemma 2.2, and
let (k, l) be given by the conclusion of that result. If λ satisfies the criteria of Conjec-
ture 1.1, then either there exist (a, b) and (a, d) in [λ] such that νp(h(a, b)) and νp(h(a, d))
are positive and unequal, or there exist (a, b) and (c, b) in [λ] such that νp(h(a, b)) and
νp(h(c, b)) are positive and unequal. It suffices for our purposes to assume the latter, since
by [3, Theorem 8.15], Sλ is reducible if and only if Sλ′ is reducible. Define the partition λ˜
by removing the first l columns of [λ], i.e.,
λ˜i = max(λi − l,0).
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p − 1, λi). Also, [λ˜] contains nodes (a, b − l) and (c, b − l) such that νp(h(a, b − l)) and
νp(h(c, b − l)) are unequal. Hence, by Carter’s Criterion, Sλ˜ is reducible; thus there is
some p-regular partition ν˜  λ˜ such that
HomFSn
(
Sν˜, Sλ˜
) = 0.
We define a partition ν by adding the first l columns of λ to ν˜, i.e.,
νi =
{
ν˜i + l (λi  l),
λi (λi  l).
By Theorem 1.4 we have
HomFSn
(
Sν, Sλ
) = 0,
so some composition factor Dµ of Sν is also a composition factor of Sλ. It remains to show
that µ = λR.
We have ν˜ λ˜, and so ν˜  λ˜ by Lemma 2.1. Adding columns clearly does not affect ,
and so ν  λ. Regularizing does not affect  either, so νR  λR, whence λR  νR, by
Lemma 2.1. But by Theorem 1.3 we have µ νR, so µ = λR. 
References
[1] M. Fayers, S. Lyle, Row and column removal theorems for homomorphisms between Specht modules, J. Pure
Appl. Algebra 185 (2003) 147–164.
[2] G.D. James, On the decomposition matrices of the symmetric groups II, J. Algebra 43 (1976) 45–54.
[3] G.D. James, The Representation Theory of the Symmetric Groups, Lecture Notes in Math., vol. 682, Springer-
Verlag, New York, 1978.
[4] G.D. James, A. Mathas, The irreducible Specht modules in characteristic 2, Bull. London Math. Soc. 31
(1999) 457–462.
[5] S. Lyle, Some reducible Specht modules, J. Algebra 269 (2003) 536–543.
[6] A. Mathas, Iwahori–Hecke Algebras and Schur Algebras of the Symmetric Group, Univ. Lecture Ser., vol. 15,
Amer. Math. Soc., Providence, RI, 1999.
